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Abstract. We examine the axially symmetric solutions to the Navier- 
Stokes equations in a periodic cylinder O C M 3 . By swirl we denote 
the expression u = rv^, where v v is the angular component of velocity 
and r, ip, z are the cylindrical coordinates. The swirl satisfies a linear 
parabolic equation with coefficients equal to velocity. Assuming that v G 
L q (0,T;L p (n)), | + | = 1-fx, x>0, we show that «6 C 3 "/ 2 ' 3 "/ 4 (fi T ), 
T > 0. We apply the DeGiorgi method developed in Chapter 2 of the 
book: "Linear and quasilinear equations of parabolic type" written by 
Ladyzhenskaya, Solonnikov and Uraltseva. 
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1. Introduction 



In this paper we examine some Holder properties of axially symmetric 
solutions to the problem 

v t +v-Vv-uAv + Vp = in fi T = x (0,T), 

div v = in fi T , 

(1.1) vn = 0, n ■ B(v) ■ f a = 0, a = 1, 2, on Sf = Si x (0, T), 
periodic boundary conditions on S% , 

v\ t =o = v in fi, 

where fi C K 3 is a cylinder with the boundary S = SiU S2, Si is parallel 
to the axis of the cylinder and £2 is perpendicular to it. 
By v = v(x,t) = (vi(x,t),V2(x,t),V3(x,t)) G R 3 we denote velocity of 
the fluid, p = p(x,t) G R the pressure, x = (xi,X2,xs) are the Cartesian 
coordinates such that x 3 -axis is the axis of the cylinder O. By n we denote 
the unit outward normal vector to Si, f a , a = 1, 2, is the tangent vector to 
Si. Moreover, the dot denotes the scalar product in R 3 , 3(v) = Vv + Vv T 
and v > is the constant viscosity coefficient. 

Since we are interested to examine axially symmetric solutions to (1.1) we 
introduce the cylindrical coordinates r, cp, z by the relations 

£i=rcos</?, £2 = rsin</?, X3 = z. 

Then O must be an axially symmetric cylinder. 

To be more precise we fix positive numbers R and a such that 

O = {x G R 3 : r < R and \z\ < a} 

and 

51 = {x G R 3 : r = R, \z\ < a}, 

5 2 = {x G R 3 : r < Rz G {-a, a}}. 

Let us introduce the vectors 

e r = (coscp, sin</?, 0), = (— sin(/?, cos cp, 0), e z = (0,0,1). 
Then the cylindrical components of velocity are described by the relations 

(1.2) v r = v-e r , v (p = v-e ip , v z = v ■ e z . 
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Definition 1.1. The axially symmetric solutions to problem (1.1) are 
such that 

(1-3) Vr # = v tp # = v z #=p# = Q. 



Definition 1.2. By the swirl we mean the quantity 

(1.4) u = rvp. 

The aim of this paper is to show boundedness and the Holder continuity 
of u. Especially, we are interested to estimate the Holder exponent. For 
this purpose we have to repeat the considerations from [LSU, Ch. 2, Sect. 
5-8]. 

From [LL, Ch. 2] and [Z2, Ch. 2] it follows the following problem for 
v<p,t + v ■ Vv v + -j-Vp - vAvp + z/-| = in fi T , 

1 rp 

(1.5) V V,r = ft V V ° n ^1 > 

periodic boundary condition on S^, 

v v \t=o = ?v(0) in O, 

where Av v = ^(rv^^)^ + v^, jZZ , v ■ V = v r d r + v z d z . 

In view of (1.4) problem (1.5) implies the following problem for u, 

u t + v ■ V-u — vAn + z/— =0 in fi T , 

r 

(-1 c\ U r = —U On Di , 

(1.6) ' r R 1 ' 

periodic boundary condition on S'J , 



u\t=o = uq in O. 

Let V 2 °(fl T ) be a space of functions with the finite norm 

ll u IUoo(0,T;L 2 (n)) + ||Vu||L 2 (nT). 

From [Zl, Lemma 2.1 and Remark 2.5] we have 

Remark 1.3. For weak solutions to problem (1.1) (see [Zl, Z3]) we have 

(!- 7 ) IMIv°(n T ) + 

where d\ is some positive constant. 



u 



< c\\v \\ L2 (Q) = d u 

L 2 (f2 T ) 
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Main Theorem. Assume that v' G L 10 (O T ), v' = (v r ,v z ). Assume also 
that uq = rvo G L oo (0). Assume that in a neighborhood U of the axis of 
symmetry u G C Q (fi), a = fx, x G (0, §] . Then u G C Q ' Q / 2 (t/ x (0,T)) 
and its norm does not depend on v' . 

In this paper we follow the idea of DeGiorgi developed in the book 
[LSU, Ch. 2, Sects. 5, 6]. In reality we repeat all proofs adding some 
changes which imply that the Holder coefficient can be calculated explicitly 
(see Remark 5.5). Comparing to the original proofs from [LSU] we add 
some explanation which make them easier for reading. 

2. Notation and auxiliary results 

To prove the Holder continuity of solutions to problem (1.6) we need 
Lemma 2.1. (see [Zl]). Let uq G Loo(O). Then the estimate holds 

(2-1) \\u\\ Loo(n T } <\\u \\ Loc{n) = M, T<oo. 



Proof. Let A k (t) = {x G O : u(x,t) > k}, u^ k \x,t) = max{« - fc, 0}. 
Multiplying (1.6) i by and integrating over O yields 



u^ k) \ r=R \ 2 dz 



1^ J \ u W\ 2 dx + v J \Vu^\ 2 dx-v 
u n —a 

+ 2u J u^u^drdz = 0. 
n 

The last term in the above equality equals 

a 

V J (\u {k) \ 2 ), r drdz = U J \u {k) \ r =r\ dz : 



n 



because u^\ r= o = 0. Otherwise the condition (1.7) implies contradiction 
for u > k. Hence, we derive 

1± f \ u ^\ 2 dx + v [ \Vu^\ 2 dx = 0. 
2dtJ 1 1 J 1 1 

a, n 

Assuming that u < k we obtain (2.1). This concludes the proof. 
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Lemma 2.2. (see [Z2]). Assume that v G L 2 (0). Then there exists a 
weak solution to (1.1) such that v G y 2 °(0 T ) = {w : || - w||l 00 (o,T;L 2 (0)) + 
||Vu;||i, 2 (nT) < 00} and 

( 2 - 2 ) IMIv°(n T ) < c||u |U 2 (n)- 

A proof of the Holder regularity of solutions to (1.6) we begin with recalling 
some auxiliary lemmas from [LSU, Ch. 2]. 

Now we introduce some notation. Let us introduce the cylinder 
Q(Qo,t ) = {(M) : x e B go (x ), t - t < t < t }, 
B go (x ) = {x: \x-x \<Qo}- 

Moreover, we need the following cylinder with the same top 

Q(Q ~ <TiQ, t - <t 2 t) = {{x, t) : x G B g _ aig (x ), t - (1 - cr 2 )r < t < t }, 

where <7i, a 2 G [0, 1), ^ < £ - cri£> < £> < go, ^ < r - a 2 r < r < r . 
Let the function u = u(x,t) be given. Then we introduce 

Ak, g (t) = {x G B c (xo) : u(x,t) > k}, 
to 

H(k,g,r)= J meas9 A k , e (t)dt, 

to—T 

where - + | = §. Changing variables a; — xo = ^o^, t — to = g^t and 
denoting g = gg^ 1 , f = toq~ 2 , we introduce the cylinders 
Q'(g,f) = {(x,t) : \x\ < g, -f < t < 0}. 

In view of the above transformations we have 

1 6 _ 2 

-<Q-(T\Q<Q<\, ~ < T - <J 2 T < T < 9 = T0Q0 ■ 

Then cylinder Q(qo,to) is transformed to the cylinder 

Q'(l,9) = {(x,t) : |x| < 1, -6< t<0}. 
Assume that the inequality is satisfied 

ll?/ fc )|| 2 n 

^ 23 ^ l|M »V°(Q'(e-a ie ,r-a 2 r)) 

< liiiviQ)- 1 + (^r)" 2 ] ||«< fc > ||i a( g, (ff , T)) + k^ 2J ^ (fc, Q, T)}, 

where = max{« — k, 0} and Q'(g, r) = {\x\ < g, —r<t< 0}. 
Moreover, we assume 

1 1 

- < g — (Jig < g < 1, —6 < r — a 2 r < t < 9. 

Let us take the sequence of cylinders 

11 1 9 

Qh = Q'(Qh,T h ) with eh = - + -__, r/l = 6> + 



2 ' 2 /l + 2 ' 2 2 /l + 2 ' 

ft = 0, 1, . . . , 00 and the sequence of increasing levels kh = M+N (l — -^-) , 
h = 0, 1, . . ., where M and iV are some positive numbers. 
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Lemma 2.3. (see Lemma 6.1 from [LSU, Ch. 2, Sect. 6]) Let the function 
u(x,t) satisfy (2.3) for all ke [M, M + N]. Then the quantities 



and 



Vh = N~ 2 J J (u - k h ) 2 dxdt 

~ T h A kh}Bh (t) 

z h = /i-(k h ,g h ,T h ) = /il /r , h = 0,l,..., re 



-, oo 



with defined above kh, Qh &nd th satisfy the system of recurrent inequali- 
ties 



(2.4) 



Vh+i < 7i 2 



2h 



,2/i 



M 



(2.5) z h+1 < 7l 2^ 

where 5 = ^ and 7l = 4/3 2 ( 7 + 1) (2 8 + ^) . 

Proof. Let Oi(M) be a sequence of cut off continuous functions such that 





for |x| 




for x 



and linear on the interval \x\ G [gh+i, so that |Oix(M)| < 2 /l+4 . 
Let 



X h = J measA kh+u§h (t)dt, 



— T~h + 1 



where A kiQ (t) = {x E B g : u(x,t) > k}. Then 



(2.6) 



y h+1 = N 2 J J (u- k h+1 ) 2 dxdt 

-Th+i A fch+li0h+1 (t) 

o 

<iV" 2 J J (u-k h+1 ) 2 C 2 h dxdt = I . 

-th+i A kh+1}Bh (t) 
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Employing gh > Qh+i we have 

I <^N^X^\\u^\ h \\ v o {Q , { ^ Th+l)) ^I, 
where we used the inequality 

(2-7) IMlL 2 (fiT) < ^(measQ )^||w||vo(nT), 

where Qo = {(x, t) : \u(x, t)\ > 0} and ft is a constant from the imbedding 
\\u\\L r (o,T-L q (Q)) < /9||u|| v o (n T), where 2 + | = §. Continuing, 

I<(3 2 N- 2 X^\ esssup / (u - k h+1 ) 2 ( 2 h dx 

I -r h+1 <t<o J 

A k h+1 ,Q h (t) 



+ 2 J j [u 2 x ( 2 h + (u-k h+1 ) 2 ( 2 hx ]dxdt} 

-T h +i A kh+ltB (t) 

< 2/3 2 A^[iV-||^ +1 )||^ (Q/fe)Th+i)) +4 ^V], 

because fc/j < fc^+i implies that > y/j+i. Now we calculate 

o 

^ = iV~ 2 / / (u-k h ) 2 dxdt> 



(2.8) 







N~ 2 



J dt J (u- k h fdx > J. 



Because kh+i > kh, we have 

o 

J > (k h +i - k h ) 2 N~ 2 J dt J dx> 



' T h A k h + 1 ,e h 



\2j\r — 2 / Jj- / J™ /;„_ L . \2ivt- 2- 



- M W J dt J dx = (k h+1 - kh) N~ \ h , 

~ T h A k h + 1 ,g h 

because g h+1 < g h so g h+1 < g h = \(g h + g h+1 ) < g h . 
Now we estimate the r.h.s. of (2.6) by using (2.3) and (2.8). We apply in- 
equality (2.3) for <u( fc+1 ) and for two cylinders: Q'(gh, Th+i) and Q' (gh-, Th)- 
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First we calculate (<7iq) 2 and (c^t) We have <7\Q — — Qh — 2 m-4 
so ((Ji^)~ 2 = 4 /l+4 and (cr 2 r) _1 = 2 ^^-. Hence we have 
(2.9) ^ 

y h+1 <2p 2 [(k h+1 -k h )- 1 N] 2S y s h 

•{ 7 [(4^ + ^^ iV - 2 ||^ +1 )|| i2(Q/ ^ )rh)) 

< 2^ 2 [(k h+1 - k h )- 1 N] 25 [2 2h a 1 y 1 h + 5 + lk 2 h+1 N~ 2 z^yl] = 7, 



where ai = (7 + 1)(2 8 + )• Using that 



and 



Then (2.9) implies 



2/i+i 

(fc h+ i - A^)" 1 = — so (fc/t+i — kf l )~ 1 N = 2' 



,/i+i 



7 < 4/3 2 2 /l 



where we used that 25 < 1. From the estimate inequality (2.4) follows. 
Next we show (2.5). For this aim we consider 

2 

(k h+1 - k h ) 2 z h+1 = (fch+i - fc/») A»£+i 

< h {kh kdl qAQ ^ h ,r h+1 ^ < /5 2 ii^ (fch) aii 2 ^ (Q ^- h , Th+l)) . 

Next, using (2.3) we calculate 

(k h+1 - k h ) 2 z h+1 < 2(3 2 A h+A N 2 y h 

(2.10) 



+ 2^{[(g h - g h y 2 + (r h+1 - r,)" 1 ] \\u^ ||| , {Q>{eh , Th)) 



2(l + x) 



+ kl» h r } 
< 2/3 2 7 {[4 7l + 4 + e-W+^yh + k 2 zl + "}. 

Since (kh+i — kh)~ 2 = ^^t^ we obtain from (2.10) inequality (2.5). 
This concludes the proof. 
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Lemma 2.4. (see Lemma 5.7 from [LSU, Ch. 2, Sect. 5]) Assume that 
the numbers y^, Zh, h = 0, 1, . . ., satisfy the system of inequalities 

{2n) y h+1 <c Q b\yl +5 + zl +s yt), 

z h+ i<c b h (y h + z 1 + £ ), 

where cq, b, e, 5 are fixed positive constants with b > 1. 
Then 

(2.12) yh<X>-$, z h <(Xb-^)^ 

where 

d = min < 6, 



A = min |(2c )- 1/,5 6- 1/5d ; (2c )"^6" ^ } 



and if 

(2.13) y < A, < ATT7 



Proof. For h = (2.12) holds. Assume that (2.12) is satisfied for and 
Then in view of (2.11) we obtain 

y h+1 < 2c b h (\b-$) 1+s = 2c \ 1+5 b h ( 1 - 1 ¥) ee h, 
z h+1 <2c Xb h ( 1 -^ =I 2 . 

Using that A < (2c )~ 1/<5 &~ 1/<Sd we obtain 

h < xb-^b^-w < \b-^ 

because d < 8. 

Using that A < (2co) ~b~^ we derive 

I2 < (A6 d )!+ £ 6 !+ e d < (A6 d)i+ e 
because <i < y^r. This concludes the proof. 

Lemma 2.5. (see Lemma 5.8 from [LSU, Ch. 2, Sect. 5]) Let u = 
u(x,t) be a measurable and bounded in cylinder Q go = Q(qq,0oQq). Let 
Qq = Q(q^oQ 2 ) an d Qbg, b > 1 be cylinders with the same top and the 
QjXIS QiS Q eo . Moreover, g < b 1 qq and u = u(x,t) satisfies the relations: 
either 

(2.14) osc{u;Q e } <dQ S 
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or 



(2.15) osc{u; Q e } < i]osc{u; Q bg } 

with some constants c\, 8 < 1 and r\ < 1. 
Then for g < go it holds 



5 



(2.16) osc{u;Q g } < cg^ g c 
where a = min{— In;, r\\ 5}, c = b a max{w; Cig^}, Uq = osc{u; Q g „}- 

Proof. Take the sequence of cylinders Q ek , gk = b~ k go : k = 0, 1, 2, . . ., 
described above. Let Uk = osc{u,Q Qk ). From (2.14) and (2.15) we have 

(2.17) u k < max{ci£>£;?7u; fc _i}, fc=l,2, 
where 

u < cb~ a . 

Hence for y k = b ka Uk, k = 1, 2, . . . , we obtain the estimate 

y k < max{6 fca ci^;6 fca 7/a; fc _i} = max{ Cl b k ^ g 5 ; 6 a m _i} = T 
From assumptions of the lemma we have 

rj < 6" Q , a < 5, c> b a ag s . 

Hence 

/ < max{ci^;y fc _i} < max{c6" Q ; y k -i} 

and 

Ho = w < cb~ a . 
From the above inequalities, we deduce that 

Vk < cb~ a . 

Hence u k < b~ ka y k < cb~ ka b~ a = cb~ a (f^)°- 

Let Q g be a cylinder with arbitrary g < qq. Then there exists k > 1 such 
that gk < g < Therefore 

Hence the lemma is proved. 
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3. Existence in B 2 (QT,M,'y,r,6,x) 



Definition 3.1. We say that u G V 2 °(Qt) such that esssup \u\ < M 

Qt 

belongs to B 2 (Qt, M, 7, r, 5, x) if the function u>(x, t) = ±u(x, t) satisfies 
the inequalities 

max \\u ik) (x,t)\\ 2 T m x < \\u ik) (x,t )\\ 2 r (B n 

+ 7 [(a^)- 2 ||a;( fc ) ||£ a(Q(e>T)) + ^< 1+ *>(fc, g, r)] 

and 

IL ,( fc )|l 2 

, 32 x l|U; llv 2 (Q(< ? -«Ti <? ,T-a 2 T)) 

where u;( fc ) (x, £) = max{w(x, t) — k;0}, Q(g, r) = B g (xo) x (i , to + T ) 
{ ; ./'. t) G Qt : k — 2^0 1 < £? 5 *o < t < t + r}, Qt = O x (0, T), g, r are 
arbitrary positive numbers, Ui, a 2 _ arbitrary numbers from (0, 1), 



li(k,g,r)= J meas* A k , e (t)dt, 

in 



A k, e (t) = {x e B g (x ) : u(x,t) > k}, 

the numbers M, 7, 5, x are arbitrary positive. The numbers r, q satisfy 
the relation 

/ s 2 3 3 

3.3 - + - = «• 

r g 2 

Finally, /c is a positive number satisfying the condition 

(3.4) esssup u(x, t) — k < 5. 

Q{q,t) 

Lemma 3.2. Assume that u satisfies (1.6) and \u\ < M. Assume that 
v G L r ,(0,T;L q ,(n)) with ^ + ± = 1 - fx, x > and div v = 0. Then 
u G B 2 (Qt n Q(f, t), M, 7, r, 5, x) where fc, 5 satisfy (3.4). The important 
case is x = 1/3, for r' = q' = 10. 



Proof. For solutions to problem (1.6) we have the estimate 
(3-5) IMIw^) < c||u(0)|| Loo( n). 
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Let uS k \x,t) = max{-u(x,t) - k,0}, Q(q,t) = B g x (to, to + r) = {(x,t) : 
\x — xo\ < Q, t < t < t + t} is arbitrary cylinder located in R 3 x (0,T), 
q,t — arbitrary numbers from (0, 1). 



A k , e (t) = {xeB g : u(x,t) > k} 

t +T 

li(k,Q,r)= J meas? A^ e (t)dt 



where f + | = f • Since k is an arbitrary number we can assume that 



(3.6) 



esssup u(x, t) — k < 5. 
Q{q,t) 



Multiplying (1.6)i by u^( 2 , where ( = ((x,t) is a smooth function with 
support in Q(g, r), and integrating the result over Q(g, r) we obtain 

(3.7) J (^ut-v-Vu-vAu + v^Ju ( - k) ( 2 dxdt = 

Q(q,t) 



Continuing calculations in (3.7) and using that ( = ((x, t) as a function 
of the space variable x has a compact support in Br(xo) yields 



f [I 9t |^)| 2 c 2 + ^-v|^ fc )| 2 c 2 

J 2 2 



Q{q,t) 



+ vV(u^)V(u^( 2 ) + ^ (|n(fc)|2) ' r C 2 



dxdt = 0. 



Continuing we have 



/ [^(M fc )| 2 c 2 ) - |^)| 2 cc t + \v ■ V(|^ fc )| 2 c 2 ) 



Q(<?,t) 



- v ■ vcci« (fc) | 2 + z/vV fc) v(w (fc) c)C + ^v« (fc) w (fc) cvc 

+ ^ y \ u ^\ 2 r C 2 drdzdt = 0. 



dxdt 



Q(q,t) 
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Continuing, 

- J \u {k) (x,t + T)\ 2 ( 2 (x,t + T)dx + v J \V(u {k) ()\ 2 dxdt 
<\J \u {k \xM)\ 2 C 2 {xM)dx 



Q(e,r) 



(3.8) 



Q{q,t) Q(s,r) 

u {k) V(V(u {k) ()dxdt 

Qio.r) 

Vu^u^V((dxdt 

Q{Q,r) 



+ V 



+ v 



+ v 



\u 



(fc)|2 



(\(, r \dxdt 



Q{Q,r) 



+ \ I \uM\ 2 (X =0 dzdt, 



Q'(Q,r) 

where Q'(g, r) = {(x, t) G Q(g, r) : r = 0}. 

The third term on the r.h.s. of (3.8) is estimated by 



J \v\ \V(\(\uM\ 2 dxdt, 



Q(Q,r) 



the fourth by 

£i 
2 



\V(u w ()\ 2 dxdt + — / \u( k) \ 2 \V(\ 2 dxdt : 
2ei J 

Q(q,t) 



Q{Q,r) 

the fifth is equal 

\ J V\u^\ 2 V((dxdt = ~ J \u^\ 2 (Att+\V(\ 2 )dxdt. 

Q(s,r) Q{q,t) 

Next, the last but one is equal 

\u^\ 2 -Q\QAdxdt 



v 



The last term on the r.h.s. of (3.8) disappears because -u( fc )| r= o = 
Otherwise we have a contradiction with (1.7) for u > k. 
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Setting £\ = v we obtain from (3.8) the inequality 

l - j \ U ( k \x,to + T)\ 2 ( 2 (x,t + T)dx+^ j \V{u^Q\ 2 dxdt 



Q{Q,r) 



< 



I [ \u( k Hx,to)\ 2 ( 2 (x,t )dx 



(3.9) 



+ 



Q{Q,r) 

t +T 



+ 



J J \v\\V(\(\u^\ 2 dxdt. 



*o A k , e (t) 

Now estimate the last term by 

t +T 



t +T 



1= j J \v\ 2 \u^\ 2 dxdt+ J I ( 2 \V(\ 2 \u^\ 2 dxdt, 



to A k , e (t) 



*o A k , e (t) 



where the second integral can be estimated in the same way as the second 
integral on the r.h.s. of (3.9) and the first integral in I by 



t +T 



\ 2 M i/2Ai-| 2/2 M i 

\ 2Xl dx) 



*o A k:e {t) 

t +T 



2/a/x 2 



to 



\mea,sAk, Q (t)\ aX 2dt\ =1, 



where ^- + ^- = 1, — + — = 1, a>l. 

Ai A 2 'Ml ' 

Assuming that U2 and A2 are such that -f — I — — = fso-r- + — = §a 

^ aA 2 0/U2 2 A 2 fJ-2 2 

we have that + — = 5 — |a. Setting g = aA2, r = 0^2 we need that 
v G L r /(0,T; L q i(Q,)), where r' = 2//i, (/' = 2Ai and 

3 2 5 3 

1 = a 

q> r> 2 4 

Setting a = 2(1 + x), x>0we obtain 

3 2^3 

7 + ^ = 1 "2 x - 
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Then 

In the case q' = r' = 10 we have that x = |. Moreover, x = | for 

_3 i _2_ 3 
g / "T r > 4- 

Let us assume that ((x,t) = 1 for (x,t) G <2(f? — ctiQ,t — cr 2 r), where 
<7i, o"2 G (0, 1). Then (3.9) takes the form 

— Il7/( fc )|l 2 

2 ll U \\v°(Q(Q-a ie ,T-a2T)) 

+ c 1 S 2 f,(k,g,T)^ 1+ ^\ 

where c\ = \\v\\L r ,(t ,t +T;L q ,(B e ))i c 2 = min{l, v) and we used the inequal- 
ity 

(3.ii) CICtl+HVCI 2 + ^|AC| 2 + ^CICI+C 2 |VC| 2 < tK^t)-^^^)- 2 ]. 

In view of (3.10) we see that (3.1) and (3.2) are satisfied, so by Definition 
3.1 the lemma is proved. 

If we take Q = ((x). Then instead of (3.10) we obtain 

max \\u {k) (x,t)\\ 2 T m x < \\u {k) (x,t )\\ 2 r m x 

+ 7 (ai^)- 2 h (fc) ||| 2 (Q(,, T) ) + c^ 2 ^ Q, r)*< 1+ ">. 

Lemma 3.3. Let function u = u(x,t) satisfy (3.12) in cylinder Q(g,t) = 
B e (x ) x (t ,t), t G [t ,t + 9g 2 ] andmeas A kjQ (t ) < ± measB g = ^x n g n , 

p > 1. Then for any £ G (-^p, there exist positive numbers 0(0 and 
6(0 such that if 

(3.13) 5>H= esssup u{x,t)-k>g^ 

to<*<*o+<?(Oe 2 

then 

(3.14) meas(S, \ A fe+ ^(£)) > b{i)>t n g n 

for t G [t , to + 0(Oq 2 } and 6(0, 0(0 are defined by (3.20). 

Remark 3.4. We consider the case n = 3, x 3 = ^ L ,x=i 
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Proof of Lemma 3.3. In view of the assumptions of the lemma and 
(3.12) we have 

J (u(x,t)-k) 2 dx<-H 2 H n g n 
( 3 - 15 ) A k;B _ aie (t) 

+ 7 H 2 a^(t - t )x ne n - 2 + ci5 2 [(t - t )(x n g n )^( 1+ "\ 

From the other hand 

(3.16) (CH) 2 measA k+ ^ e _ aig (t) < J {u-k) 2 dx. 

For the reader convenience we show (3.16) 

fH 2 measA k+C H, g -a ig (t) = J £ 2 H 2 dx 

B e _ CTie n{x: u(x,t)>k+£,H} 



B e _ CTie n{x: u{x,t)>k+£H} 

< J \u(x, t) — k\ 2 dx = J {u — k) 2 dx, 

B e - tTie n{x: u(x,t)>k} A fcj£) _ CTl£? 

where we used the inequalities 

A k +k , e (t) = {x E B Q : u(x, t) > k + k }, k > 0, 
kQiaesisAk+ko,g = J k^dx < J (u — k) 2 dx 



Ak + kQ,Q ^k + kQ,Q 



< J (u-k) 2 dx. 



Hence, in view of (3.15) and (3.16), we have 

1 

(317) — - ^ 



From (3.17) for t < t + 6{i)g 2 and H > g^ we obtain 
measA k+ ^ H ^_ aig (t) < £~ 2 {p _1 + 7^i~ 2 #(0 
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where 

2n, , 4. . 4 2n /4 2n \ 

— (1 + x) — n — nx H — (l + x) = — I n+ — I n I x = 

q r r q \r q J 

because r, g satisfy the relation 

4 2n 

— I = n. 

r q 

Then (3.18) takes the form 

measAk+tH^-cneit) < £~ 2 {p _1 + 7 cr i~ 2 #(0 

(3 ' 19) +Cl 5 2 x! (1 ^ ) - 1 ^o- (1+ - ) }x n ^. 

For any £ G {^\J\-> w e choose ui, 6>(£), &(£) such that 
(3.20) 

nox + r V 1 + 7^r 2 ^(0 + ci^xl^^-'^e)^ 1 ^] = 1 - &(o < 1. 

Then 

measA fc+ ^, e (t) < measA k+ zH,Q-<T ie (t) + measB g \ B g _ aig 
< (1 - b(£))measB e , 

because 

^* )<? (*) = e : u(x,t) > fc}, 
Afc^-a^W = G B g - aig : u(x,t) > k}, 

measB g \B g _ aig = x n g n -x n Q n {\-o x ) n = x n £ n [l-(l-ai) n ] < K n Q n na x . 

For n = 3 

1 - (1 - (Tl) 3 = 1 - (1 - 3<Tl + 3(7? - (T 3 ) = 3(71 - (7 2 (3 - 0"! ) < 3(71. 

Hence, (3.21) implies that 

meas(S^ \ A k+ ^ HjQ ) > b(£)measB g . 

This proves Lemma 3.3 □ 
Now we determine the quantities satisfying (3.20). We choose o\ = 
^-,£=3,^ = 4, 6(f) = ^. Then £ G (§, l) and (3.20) takes the form 

(3.22) i + f . i + £[(*,) V + c 1 ^xl <1+ " , - 1 ^<-)] = i| 
Hence 



Ki+-)-i^(i+^) = _9_ _ 1 = _3_ 



(3.23) (6n)V + ci^x^ ., 

lb 3 lb 

We have to recall that in our case n = 3, x = 1/3, f; + § = §> x 3 = if - 
Hence, in our case (3.23) takes the form 

(3.24) 9-36- 7 #W 2 (y) V V/ 5 = ^. 
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4. Proof of Lemma 7.2 from [LSU, Ch. 2, Sect. 7] 

Let Q g = {(x,t) : \x — xq\ < g, to < t < to + 9g 2 }. Let Q e (k) = 
{(x, t) G Q g : u(x,t) > k}. Then we have the following inequalities 



(4.1) 



(ti n Q n )i r mesiS r Qg(k) < fx r (k, g, 9g 2 ) 

9 2. — 2 2 

<{9g) r i meas>3 Q Q {k) for r < q, 

(x n g n )v~~meas^Q g (k) > fj,^(k, g,9g 2 ) 
> (9g 2 ) ~~ a meas? Q e (k) for r > q. 



measA/j )£ ,(t) = {i£ B q {xq) : u(x,t) > k}, 
to+Sg 2 

„ 0\ f —A / \ 7 1 ^ n 

V(k,g,9g)= J meas«A kjg (t)dt, - + — = - . 



t 



t +9e 



measQ e (k) = 



mea,sAk jQ (t)dt 



to 

t +8g 2 



J meas? A/ C;£1 (t)meas 1 iAk jQ (t)dt 



to 

and we have that 

meas 1- « Ak, Q {t) < meas 1- « B e (xo) for r < q, 
meas 1- 9 > meas 1- ^B^o) for r > q. 

Now we show the second inequality of (4.1)i. We calculate (the case q > r) 



V r (k, g,9g 2 ) = 



to+dg 2 



AlMdt 



to 



2/r 



< 



to+00' 



to 



ldt) 



to+Og 2 



A« X2 

k 



to 



;.(*)*; 



\ 1/A2 



2/r 



where £ + £ = 1, r -X 2 = 1, so A 2 = a Al = ^ 



q—r 



Continuing, we have 



ii = 



2\1- 



t O +0Q 



A Ke {t)dt 



to 



r/q- 



= (9g )~~^mesiS^Qg(k). 
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Next we show the first inequality of (4.1)i. We have 



to+dg 2 2 , 
meas ^Q Q (k) = ^ J m.eas^Ak, e (t)m.eas l ~ r ^ q Ak iQ (t)dt S j 

to 

<(XnQ n )t-h 2/r {k,Q,0l), 

where r < q, so first inequality of (4.1)i follows. 

Lemma 4.1. (see Lemma 7.2 from [LSU, Ch. 2, Sect. 7]) Let u = u(x,t) 
satisfy inequality (3.2). There exists 6>i > such that for any cylinder 
Qg C Qt and any number 

ko > esssup u(x,t) — 5 

Qq () 

the inequality 

(4.2) measQ^o) < #i^ +2 
implies 

(4.3) measQeo ( /cq + — J = 0, a > 1, 



2 



if 



Tlx 
2 



(4.4) H = maxu(x,t) — ko > g 

Qqq 

The cylinders Q eo / a and Q eo have the same top and the axis. 



Proof. Introducing new variables x, t such that 

2 ~ 1 Q 

X — Xq = QqX, t — to = g t, \x\ = — \X — Xq\ < — = g, 



Qo Qo 

t _ _ „ t 9 2 g 2 2 _ _ go 
< — = r, T = — = — — = V g, g = — = 1, 



the inequality (3.2) takes the form 
(4.5) 



|„(fc)||2 

I" llv 2 °(e-<Tie,f-o- 2 f) 
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and Qg = Q(l,9) = {\x\ < 1, < r < 6> 2 }. Let H be the number from 
(4.4). Then 

(4.6) g 2 H' 1 < 1. 

Introducing the new quantity v = j|, using (4.6) we obtain from (4.5) the 
inequality 

ii (k) ii 

H W llv 2 (Q(c- < rie ) f- < T 2 f)) 

where k = jj. The function 5(5, £) satisfies the assumptions of Lemma 2.3. 
Moreover, instead of interval [M, M+N] we take k = ^, ^ + |J , so we 
take G , ^ + |] . Then, in view of Lemma 2.3, the quantities 

o 

y h =^ J dt J (v- k h ) 2 dx, 

(4.8) ~ fh A *»-'»® 

o „ , 

2/r 



Zh = {I meas *^.efc^ d *) 



satisfy inequalities (2.4), (2.5) with M = AT = ±. Then in view of 
Lemma 2.4, 

Vh, Zh -^h->oc 

if 

y < min{(27i) _Ii ^(64)~^; (2 7 i) _1 ^~ 6A~^ } = A, z < A 1 ^, 

where d = min 5 = ^ and 7 i = 4/3 2 ( 7 + 1)(2 8 + £). In 

our case 5 = 2/5, x = 1/3 = e so d = min{2/5, 1/4} = 1/4. 
Hence A = min{(2 7l )-§ (64)"f , (2 7l )- 4 64" 42 } = (2 7l )- 4 64" 42 . 
In view of (4.2) we have 



u u 
4 J dt J (v-k ) 2 dx< J measA- koA (t)dt 



k ,l 



g n 2 mea,sQ go (ko) < 6>i, 

2/r ( 1-1 2 /r 



/ 2 2 



*o = f / meas^ fe0)1 (£)d~^ < J ^ r ^ « 



20 



Z93 5-10-2012 



Hence 

01 < min{A; H~~ q \^^ } r > q, 
01 < min{A; 1_ -A^ T +^ T } r < q. 

For i + | = |7 x =-| w e have 2 {i+k) = IT - Hence for 0i satisfying (4.9) 
we obtain that yu — > for h — > oo. This implies that 

H 

esssup u < ko + — . 

This concludes the proof. 
Remark 4.2. Let us calculate 

7 i = 2 6 /3 2 [ 7 (2 5 + 0- 1 )+2 5 ], 
where /3 is the constant from the imbedding 

\\u\\ Lq (Si) < P\\ux\\1^)\\Al^) a= 2~~q 
Setting = 2" 5 we obtain 71 = 2 n /3 2 (7 + !)• Then 

A = 2" 12 - 7 [/3 2 ( 7 + 1)]" 7 64" 42 = 2" 252 [/3 2 ( 7 + l)]" 7 and in view of (4.9) 
0i< 2- 252 [/3 2 ( 7 + l)]- 7 . 



5. Lemma 7.3 from [LSU, Ch. 2, Sect. 7] 

In this section the proof of Lemma 7.3 from [LSU, Ch. 2, Sect. 7] 
is changed in such direction that we can calculate the Holder exponent a 
larger than the one in Theorem 7.1 in [LSU, Ch. 2, Sect. 7]. 
Let Qug = B UQ x [t , to + 2a9g 2 }, Q g = B g x [t + ^a9g 2 ,t + 2a9g 2 ], 
1 < a < 2, have the same top and the axis. 

Let (i! = maxQ CTe it, (i 2 = nrinQ CTe u, u = Hi - 

Lemma 5.1. Let u G £>2(fi T , M, 7, r, 5, x). Then for any 9\ > 0, a E 
(1,2], there exists s = s(0i) > such that either 

(5.1) u = osc{u, Q UQ } < To*? 



or 



(5.2) measQJ^i-^) < 0^ n + 2 
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or 



(5.3) meas|(x,t) G Q e : u(x, t) < /j 2 + ^ J < 6>i£ n+2 . 

Proof. Let u > 2 s g~ . Then we have either 

(5.4) measA Ml _ f >e (t + ^Og^j < ^x n g n 
or 

(5.5) measjx G B Q : u^x,t + ^a0Q^j </ii - < ^n£ n - 
The relation (5.4) means 

3 „ 2 ^ w 1 . 1 



(5.6) measjcc G S e : u^x,t + -a6g J > m - — j < -x n £ n , 
where //i — ^ = ^(/^l + A^)- If (5.6) is valid, then 

(5.7) measA^.^^o + \^ e Q^j < \^Q n \ r > 1. 



Hence 



meas ja; G S e : u^x,t + \ ae ^j > A*i - |Jr| < 7^n£ n 

because 
(5.8) 

measi^-^^^o + ^°"#£ 2 ^ < meas $ ,<? (^0 + ^ ^ x n^» n , 

where r = 1, 2, . . . , s — 1. Hence, condition (5.8) yields 
(5.9) meas^cc G B g : u (x, t + ^^Q^j > A»i ~ J < ^nQ n - 

Now we proceed the calculations with u = u(x, t). Let [i' x = maxQ e u. 
If n' x < ji\ — |j, then meas — |f) = because 



(5.10) 



tt(:r, t) < maxti < ui — — . 
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Then (5.2) holds for any 9 1 . Let /u'l > A*i - |f- Then H = ^ - - > 

ii, _ w fn, _ iiM — i£ > u — J£. — ±L for r < « — 1 

p-l 2 s V' 1 2 r / 2 r 2 s — 2 S_1 2 s 2 s 

Then Lemma 3.3 can be applied for cylinder Q g and the level k = fii — ^ 
if < 6. Hence Lemma 3.3 implies 



(5.11) meas 



> ^„f" 



for te [t + f ^^ 2 j *o + 2a9g 2 ] . Since 



u 3 3 cj cj 

^1 - 7T7 + 1 H ^ ^1 ~ 7T7 + 777; = ^1 ~ 



2 r 4 ~ 2 r 4 2 r 2 r + 2 ' 

where we used that H < we obtain that 

measA Mi _^ + 3 H e (t) > measA Ml __^ (£). 

Hence, it follows from (5.11) the relation 

(5.12) meas[S e \ > ^nQ n , 
for t £ [to + \o9g 2 , t + 2a9g 2 ] . 

Since ^ < 5 and r < s — 1, inequality (5.12) holds for r G [log 2 ^, s — l] . 
We have that \u\ < 2M, where M = maxQ CTe u and we have also that 
log 2 < 2M. Therefore, we take r G [[^M] + 1, s - l] C [log 2 f , s - l] . 
We need the inequality (see [LSU, Ch. 2., (5.5)]) 

g n+1 f 

(5.13) (I - k)measA liB < — - / \u x \dx, 

where P = Pix n /n , pi = (1+n ^" )2 " , x n = surface of S"' 1 . 
Now we apply (5.13) to function u(x, t) for the levels 



r U 7 U 



3 

t + -a9g 2 ,t + 2cr9g 2 



andpG [[^M] +3,s + l]. Using (5.12) we obtain 

(5.14) ^^measA^.^^) < 180 K^g J \u x (x,t)\dx, 

T> p (t) 

where 

V p (t) = A f , 1 _^Jt)\A f , 1 __^_Jt). 
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Integrating (5.14) with respect to time in the time interval 

we obtain 



t +2a8g 2 



CO 



2p+ 



- J measA Ml __^(t)dt 



(5.15) 



t + %a8g 2 



t +2a8g 2 



<18(3?c n 1 Q J dt J \u x (x,t)\dx. 

t + ^9g 2 V p {t) 



Using that 



t +2a6 



measQ^i - J measA m __^_ ie (t)dt 



t + ^a6g 2 



and taking square of (5.15) we derive 



< (IS/?*" 1 ) V 



(5.16) 



t +2a6 



dt / \u x (x,t)\dx 



to + ^aOg 2 V v (t) 
t {) +2cr6g 2 



t +2cr6g 2 



< (18 fix' 1 ) 2 g 2 J dt J u 2 x dx J measV p (t)dt, 

to + ^aOg 2 V p {t) t + %cr9g 2 

where the Cauchy inequality was used. To estimate the first integral on 

the r.h.s. of (5.16) we use the inequality (3.10) 

(5.17) 

^ 7{[(^)" 2 + {wT^^m^ 
+ ci5 2 /z^ 1+J *)(fc, g, t)}, where u> = ±u(x, t). 
Replacing Q(g, r) by Q aQ and Q(g — o\q,t — o~2t) by Q e we obtain 

t +2adg 2 

J dt J u 2 x (x,t)dx < ||u( Ml ~^)||vo ( 



t + %a8g 2 T> p (t) 



(5.18) 



< 



7 



\Q e ) 



1 WLiKQvq) 



+ c 1 5V (1+ - ) (^-|,^,2a^}. 
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To estimate the r.h.s. of (5.18) we examine 



l^ (M1 " #) ll! 2 (Q. e )= / <'■'•<" 

Qa 



u — ll\ + — 



2 / \ 2 
00 \ 



where meas Q ag = x n (ag) n 2a6g 2 and u — fi\ < because //i = maxQ CTe u. 
Next we calculate 



2o-9^+t 



meas^A Ml _ « ><7e (t)dt 



t 



< 



2cr9e 2 +to 



/ 

to 



meas'jScrgfit 



= {[x n (^)^]^2a^ 2 }^ 1+ ^. 



Using the above estimates in (5.18) yields 

t +2a6g 2 



I * I 

t + %a9 Q 2 T> p (t) 



dt I u x dx 



(5.19) 



< 



7 



(<jq) 2 + -a6g 



+ c 1 5 2 [[H n (ag) n ]^2ae 6 



21^(1+*) 



Since u > 2 s and p G [[^] +3,s + l] we obtain from (5.16) and 
(5.19) the inequality 

< (lS/3^ 1 ) Vt{ + 3^) Q- 2 2a6g^ n {agr 

( 5 - 20 ) +Cl ^ x |( 1 + -)^(l + -) a (nf + |)(l + ^ 2 ^(l + >,)^^ + |)(l + ^| 

t +2o-6 l e 2 

y measZ> p (£)c2£. 



t + |o-9g 2 



Using that g nM < (§) 2 < (§) 2 and g(^r + = q * Q ™ we obtain 

from (5.20) the inequality 

(5.21) 



(2S1) meas2 ^(^-^r) <^ n+2 ( 



2p 



measP p (t)(it, 
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where 



c 2 = (18/3x-y 7 



Hence, (5.21) implies 



t +2crOe 



(5.22) meas 2 Q e ^i - t^T^ < 4c 2 £ n+2 ^ measV p (t)dt. 



t + ^a6g 2 



Since p G [[^f-] + 3, a + l] then 

(5.23) measQ e ^//i - > measQ e ^//i - |Q for p < s - 1. 

Employing (5.23) in (5.22) and summing with respect to p from [^-] +3 
to s — 1 we derive 



(5.24) 



2M 



-4 



meas 2 ^ ( — 



t +2a9e 



< 4c 2 g n+2 J measB g (t)dt 

3 



Therefore for 
(5.25) 



s = 



2M 



+ 4 + 



el 



we obtain (5.3). This concludes the proof. 

Remark 5.2. In view of Remark 4.2 we know that 6\ is very small. Hence 
to minimize s we assume that 6 > 2M and 9 so small that C3 f;f" < 1. Then 



(5.26) 



s = 4. 



Next we prove 
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Lemma 5.3. (see Lemma 7.4 from [LSU, Ch. 2, Sect. 7]) For any u E 
£>2(0 T , M, 7, r, 5, x) and for any cylinders Qs and Q ag , a > 1, with the 
same top and the axis the following inequalities hold: 
either 

(5.27) osc{u,Q e/a } <2 s q^ 
or 

(5.28) osc{u, Q e/<7 } < (l - osc{u, Q ae }, 
where s = s(9\) and s(9\) is described by (5.25) and (5.26). 



Proof. Assume that 

Ul = osc{u;Q g/rT \ > 2 q 2 . 
Then we also have that 

lo = osc{u, Qag} > 2 k g 2 . 

In view of Lemma 5.1 this implies inequalities either (5.2) or (5.3). Assume 
that (5.2) holds. We apply Lemma 4.1 for function u(x, t) defined in Q g 
and for the level ko = \i\ — ^r, where \i\ = maxQ CTe u and either 

(LO \ n>€ 
A*l — 77~[ ) < @~ 
^ J 

or 

(5.30) m.easQ e / a (^k + = 0. 

Let us recall that the condition ko > esssup u(x,t) — 5 from Lemma 4.1 

Qe 

hold. The first alternative (5.29) implies the inequality 

. . LO xn LO 

(5.31) maxti < m - — T + g 2 < ^ - — 

Qg/ty & & 

because ^ > (f^ . Hence (5.31) yields 

LO 

max u — min u < max u — min u 

, , Qg/tr Qg/cr Qag Qg/tr 2 S 

( 5 - 32 ) LO 

< max u — min u , 

Qcrg Q <7 q 2 
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where we used that miriQ e/(T u > mmQ rTg u. Therefore (5.32) takes the 
form 

(5.33) osc{u, Q g/a } < ^1 - osc{u, Q ag }, 

so (5.28) holds. Let us consider the second alternative (5.30). It implies 
(5.34) 

uj h u i r / u 

Q q / a ~ P 2 s " 1 2 P1 2 s " 1 2 [ Q e V 2 s " 1 

u> 1 , \ ^ u 

= jLti r H — maxu — maxu H < Ui , 

P 2 s " 1 2 V Q e Qa g ' 2 s ~ ^ 2 s ' 

because maxg e u < maxQ^ u. 

Similarly as above (5.34) implies (5.28). This proves the lemma. 
From Lemmas 5.3 and 2.5 we have 

Theorem 5.4. Let u(x, t) e i32(0 T , M, 7, r, 5, x) and <5 eo = Q(qo, Oqq) C 
fi T . Then for any cylinder Q e = Q(g, 6g 2 ) with the same top and the axis 
as Q go we obtain 

(5.35) osc{u,Q g } < cg a Qo a 

where 

a = min| - ln^ (l - — V — L c = ^ max 2M, 2 V L 



Remark 5.5. In our case s = 4, ^ = \- Therefore 

a = min{-ln^,l}. 

Hence, we can choose a such that ln^ i| = i so a = y| . 
Hence Theorem 5.4 and Remark 5.5 imply the Main Theorem. 
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